ABSTRACT Growth, invasion, and metastasis of cancers are directly linked to the cancer's stiffness and the solid stress (SSg) that develops inside the cancer. Currently, there are no non-invasive methods to assess the SSg distribution in cancers. In this paper, we develop an analytical model for the compression-induced solid stress (SSc) distribution that generates inside a tumor in a poroelastography experiment. We theoretically prove that the SSc has the same spatial distribution as the SSg inside the tumor. We also demonstrate that it is possible to estimate the spatial distribution parameter of SSg α and the ratio between vascular permeability (VP) and interstitial permeability (IP) from the computed SSc. The developed analytical model is validated using finite element and ultrasound simulations. The technical feasibility of the proposed technique is demonstrated in a small animal model study in vivo. Based on the influential role of solid stress in modulating the cancer microenvironment, the proposed methodology may be useful in cancer diagnosis, prognosis, and treatment.
I. INTRODUCTION
The mechanical microenvironment plays an important role in growth, invasion and treatment of cancers [1] - [4] . The two main components of the cancer mechanical microenvironment are the interstitial fluid pressure (IFP) and the solid stress (SSg) [5] . The existence of IFP inside cancers and its role in cancer progression and treatment have been extensively studied both theoretically and experimentally [6] - [8] . The proof of the existence of SSg inside the tumor has come from the discovery that blood and lymphatic vessels inside the tumor are mechanically compressed [9] - [11] .
SSg inside the tumor can be divided in three main categories: stress exerted on the tumor by the surrounding host tissue also called ''externally applied stress'', ''swelling stress'' and growth-induced or ''residual stress'' [2] . The externally applied SSg is generated by the tissue surrounding the tumor as a consequence of cells within tumors growing and producing new solid material-cells and matrix fibers, which push against the surrounding host tissue to expand. The surrounding tissue, in turn, resists the expansion by exerting a stress on the tumor. Swelling SSg is related to a phenomenon called
The associate editor coordinating the review of this manuscript and approving it for publication was Tao Liu. chemical expansion. The interstitial space of many tumors may have a high concentration of negatively charged hyaluronan chains. The repulsive electrostatic force among these negative charges can cause swelling in the tumor. In general terms, the residual SSg can be defined as the remaining stress inside a body, when all external loads on the body have been removed [12] . The residual SSg in the tumor can be estimated by excising the tumor and then measuring the change in its shape [5] .
These various contributors of SSg inside cancers, i.e., externally applied stress, swelling stress and residual stress, are clinically important for different reasons. The externally applied SSg may limit the growth of tumor by activating apoptosis and increase the motility of malignant epithelial cells [13] , [14] . Cell proliferation is found to be lower in the direction of the stress applied by the surrounding medium, and cell division near regions of higher SSg was found to be reduced compared to regions of lower SSg [13] . On the other hand, swelling SSg and growth-induced and residual SSg inside the tumor compress the blood vessels and cause reduction of fluid outflow, thus increasing IFP. Vessel compression reduces the flow of the immune cells inside the tumor, induces hypoxia and acidity, which decreases the access of the drugs to the tumor [5] . SSg distribution can also be used as a diagnostic or prognostic marker in cancers [13] . Therefore, a non-invasive method to estimate the spatial distribution of SSg could be very important for cancer diagnosis and prognosis and to get insights on the direction of growth and regions of hypoxia, metastasis and apoptosis in cancers.
Estimations of the spatial distribution parameter of SSg, α, and the ratio of VP and IP in tumors are also clinically relevant. The parameter α is directly related to the gradient of IFP inside the tumor and provides important information for drug delivery therapies [15] . The ratio between VP and IP can be used as a marker to assess the efficacy of certain cancer treatments. As an example, if vascular normalization treatment is used and is effective, this ratio may be expected to decrease after treatment [16] . The convection and consolidation time of drug molecules inside tumors also depend on the VP and IP of tumors. Therefore, the estimated ratio of VP and IP can also provide useful information for drug delivery therapies [17] .
A number of techniques have been proposed for estimating SSg inside cancers. Early techniques are mostly based on mathematical modeling of SSg, but they have demonstrated limited accuracy [3] , [18] , [19] . Recent techniques are invasive, requiring incisions of the cancer to measure its deformation. For example, in [5] and [20] , the authors proposed various invasive techniques to measure SSg experimentally. The techniques based on partial cut of the tumor described in [5] are limited to bulk estimation of the stress and are not applicable in situ. In [20] , the authors developed several methods such as planar cut, slicing and needlebiopsy, to measure SSg. All these methods are based on the idea of releasing the stress in a controlled way and measuring the stress-induced deformation via high resolution ultrasound or optical microscopy. The main limitations of all these techniques reside in their invasiveness and inapplicability in vivo. Another limitation is that they are inherently one-dimensional.
Ultrasound elastography is a non-invasive and costeffective modality that is used to image the strains induced in a tissue due to the application of a small compression [21] , [22] . Poroelastography is a branch of elastography, where the tissue is assumed to behave as a poroelastic material consisting of solid and fluid phases. The poroelastographic strain image formation process requires the tissue to be slightly compressed using the ultrasound transducer for a short time interval during which a series of radio frequency (RF) data is acquired. Axial and lateral displacement and strain elastograms are generated from the RF data. Since a poroelastic material behaves as a linear elastic solid at steady state (i.e., when the tissue is fully relaxed) [23] , the steady state poroelastographic axial and lateral strains can be used to estimate linear elastic parameters, such as the Young's modulus and the Poisson's ratio [24] .
When a tissue is compressed in a poroelastography experiment, a compression-induced solid stress (SSc) is generated inside the tissue. In this paper, we develop a new analytical model to describe the distribution of SSc inside a spherical tumor in a creep poroelastography experiment. We then theoretically prove that the spatial distribution of SSc is identical to the spatial distribution of SSg, differing only in peak and boundary values. We also show that, from knowledge of the distribution of SSc inside a tumor, it is possible to estimate the spatial distribution parameter α of SSg and the ratio between VP and IP in the cancer.
II. ANALYTICAL MODELS
We consider a spherical model for the tumor embedded in a background (normal tissue) of cylindrical shape (see Fig. 1 ). Based on Eshelby's theory, the applied uniaxial stress (σ a ) from the top of the sample in an elastography experiment is transferred over the full outer surface of the spherical inclusion [25] . Therefore, when we are interested in the analysis of strains, fluid pressure and stresses inside a tumor, the problem can be thought as one of a poroelastic sphere under a uniform compressive/volumetric stress (σ ) over its outer surface. The stress σ over the sphere can be computed using Eshelby's theory by knowledge of the applied stress σ a and Young's modulus and Poisson's ratio of the inclusion and background. Based on the assumption of lower fluid pressure outside the inclusion, the volumetric strain, fluid pressure, radial and circumferential SSc become functions of the radial position R and time t inside the poroelastic inclusion only [26] . Consequently, these parameters can be expressed using a spherical coordinate system. We note that SSg and IFP inside tumors have been presented in spherical coordinates in most of the reported literature [1] - [3] , [27] . Below, we provide the formulations for compression-induced fluid pressure (FPc) and circumferential and radial SSc inside the tumor in spherical coordinates. Other parameters inside the inclusion and all parameters in the background are expressed in cylindrical coordinates.
A. RADIAL AND CIRCUMFERENTIAL SSC
At the very initial stage of the poroelastic response, the radial strain ( rr ) is half of the axial strain ( zz ), i.e., rr (r, z, 0 + ) = − 1 2 zz (r, z, 0 + ). Assuming equal radial and circumferential VOLUME 7, 2019 strain components (because of axisymmetry) in the Hooke's law expressed in cylindrical coordinates [28] , [29] , the axial SSc ( ) and radial SSc ( ) at time point of 0 + s inside the poroelastic sample ( Fig. 1(A) ) can be written as (r, z, 0
where E and ν are the Young's modulus and Poisson's ratio of the inclusion/background based on the location (r, z) of SSc estimation. The axial SSc increases and the radial SSc decreases with time inside the poroelastic sample. Therefore, the axial and radial SSc at time t can be written using the SSc at t = 0 + from eqs. (1) and (2) and their time varying parts at t as (r, z, t) = (r, z, 0
(r, z, t) = (r, z, 0
Here, the time varying part of the axial and radial SSc can be expressed as
where the time varying parts of the volumetric and differential stresses, σ v,d and σ d,d inside the poroelastic sample can be written as [28] , [29] 
FPc can be estimated from either the axial SSc or the radial SSc using one of the following formulas
where (r, z, ∞) and (r, z, ∞) can be computed from eqs. (3) and (4) at t = ∞. The radial and circumferential SSc inside the sample (in cylindrical coordinates) can be assumed to be equal in axisymmetric conditions. Therefore, the radial and circumferential SSc components and the FPc in spherical coordinates can be determined from the SSc components and FPc in cylindrical coordinates as
B. RELATIONSHIP BETWEEN FPC AND SSC
For the FPc inside a spherical inclusion with IP k and VP L p , we can write the following differential equation [30] 1 H A dp dt +
where Q is an integration constant and depends only on t, H A is the aggregate modulus of the inclusion and χ is the average microfiltration coefficient.
. L p and L pL are the permeability of the capillary and the permeability of the lymphatic walls. [3] . This results in χ ≈ χ V , and the microfiltration coefficient becomes the VP (permeability of capillary walls) multiplied by the surface area to volume ratio. It should be noted that, when IP has comparable or dominant effect with respect to VP in the inclusion, eq. (16) for FPc inside the inclusion is valid only if the IP of the inclusion is much lower than the IP of the background,. On the other hand, if VP is dominant over IP in the inclusion, eq. (16) for FPc inside the inclusion is always applicable.
At a specific time point t = t 0 , to analyze only the spatial characteristics of the FPc, we can write
where
Using the formula for the Laplace operator in spherical coordinates
2 R dp dR , eq. (17) can be written as
Solving eq. (18) with boundary condition of zero FPc at the periphery of the inclusion, the equation for the FPc can be written as [7] , [17] 
Here = W α 2 is a constant and is related to the peak FPc P 0 as P 0 = (1 − α cosech(α)) and a is the radius of the inclusion.
The relationship between the radial/circumferential SSc and FPc can be written as
where σ a RR and σ a θθ are radial and circumferential SSc at the inclusion boundary and are related to the applied stress from the top of the sample. These stresses can be computed using Eshelby's theory from the applied stress and Young's modulus and Poisson's ratio of the inclusion and the background [25] . Here, we see that the radial and circumferential SSc inside the tumor have the same spatial dependence as the FPc and depends on α, i.e., the IP and VP of the tumor. The difference between the SSc and FPc is the value at the boundary of the tumor. FPc is zero at the tumor boundary, whereas the radial and circumferential SSc have values of σ a RR and σ a θθ at the boundary, respectively.
Based on this observation and the fact that the radial/circumferential SSg, IFP and FPc in a poroelastography experiment have same spatial distributions [3] , [31] , it is clear that, inside the tumor, the radial/circumferential SSc in a poroelastography experiment has same spatial distribution as the radial/circumferential SSg. The relationship between different parameters is shown in Fig. 2 .
The parameter α can be estimated by fitting the radial/circumferential SSc data (estimated using eq. 
III. SIMULATIONS A. FINITE ELEMENT SIMULATION
A schematic of the poroelastic sample containing a spherical inclusion used in the validation of the proposed analytical model in this paper is shown in Fig. 1 (A) . Because of the cylindrical and spherical symmetry of the sample and the inclusion, a 2D solution plane for this problem can be assumed as shown in Fig. 1 (B) . The sample is compressed from the top, and the bottom side is fixed. Two frictionless compressor plates are used for holding up the sample and exert compression upon it.
The commercial finite element simulation software ABAQUS, Abaqus Inc, Providence, RI, USA was used to validate the proposed theories (eqs. (3), (4) and (11)) developed in this paper [32] . More specifically, the 'coupled pore fluid diffusion and stress analysis' module of ABAQUS was used for the analysis of the model [32] . In ABAQUS, the poroelastic sample is modeled using a biphasic approach consisting of a solid phase and fluid phase. Both the inclusion and background of the samples (Fig. 1 (A) ) used in the simulations were modeled as a linearly elastic, isotropic, permeable solid phases fully saturated with fluid. The principle of 'effective stress' is used to describe the mechanical behavior of the poroelastic sample. According to the effective stress principle, ''the total stress acting at a point, σ , is assumed to consist of a pressure in the wetting fluid p and an 'elastic/effective stress' σ e on the solid phase''. This principle can be expressed mathematically as [32] σ e = σ + pI.
A continuity equation for the mass of wetting fluid in a unit volume of the poroelastic material is used in ABAQUS for describing the mechanics of the poroelastic material,
where ρ w is the density of the fluid, n w = 
where k is the interstitial permeability of the solid phase. Two samples (A and B) with different mechanical properties were simulated in our study. An instantaneous load of 3000 Pa was applied to each sample and then kept constant while the sample was under compression. The IP of the sample was assumed to be independent of the strain and void ratio. The mesh used to model the sample was CAX4RP with 63, 801 elements in the solution plane. The dimension of the solution plane (Fig. 1 (B) ) of the sample was 2 cm in width and 4 cm in height. The radius of the inclusion was 0.75 cm. A zero fluid pressure boundary condition on the right hand side of the sample was imposed. The specific weight of the fluid was assumed to be 1 Nm −3 to match the definitions of IP in ABAQUS and in the developed model. Under the assumption of unit specific weight of the pore fluid, the hydraulic conductivity and permeability become equal [33] . In ABAQUS, the microfiltration coefficient was modeled with the seepage coefficient [34] . The void ratio used in all samples was 0.4. The time response of sample A (B) was recorded for 120 (200) second with a 0.6 (1) second sampling interval. The instantaneous load of 3000 Pa was applied in the first 0.01 second. This load was then kept constant for 120.01 (200.01) s for sample A (B). Further details of the poroelastic simulation can be found in [34] .
The mechanical properties of the samples used in our simulations were chosen following [17] , [24] , [35] . In all cases, the Poisson's ratio was assumed to be 0.35 in the background (normal) tissue and 0.30 in the inclusion (tumor) [24] . The Young's moduli of the tumor and normal tissue were assumed to be 97.02 and 32.78 kPa [35] . The IP of the normal tissue was assumed to be 100/1000 times higher than the IP of the tumor [1] . In the first sample (A), the IP and VP had comparable effects, while in the other sample (B) the VP had much higher effect than the IP. The mechanical parameters of samples A and B are listed in Table 1 . In this table, the parameters with subscript i are related to the inclusion (tumor) and with subscript b are related to the background (normal tissue).
B. ULTRASOUND SIMULATIONS
The simulated pre-and post-compression temporal ultrasound radio frequency (RF) data were generated from the mechanical displacements from finite element method (FEM) using a convolution model [36] . Bilinear interpolation was performed on the input mechanical displacement data prior to the computation of the simulated RF frames [37] . The simulated ultrasound transducer had 128 elements, frequency bandwidth between 5−14 MHz, a 6.6 MHz center frequency, and 50% fractional bandwidth at −6 dB. The transducer's beamwidth was assumed to be dependent on the wavelength and to be approximately 1 mm at 6.6 MHz [38] . The sampling frequency was set at 40 MHz and Gaussian noise was added to set the SNR at 40 dB.
IV. IN VIVO EXPERIMENTS
Twelve mice implanted with triple negative breast cancer were scanned once a week for three subsequent weeks. The cancers were created by injecting cancer cells orthotopically in the mammary fat pad of the mice [39] . In vivo experiments were approved by the Houston Methodist Research Institute, Institutional Animal Care and Use Committee (ACUC-approved protocol # AUP-0614-0033). Mice were kept untreated (n = 6), or treated with epirubicin (n = 3) and LEPILOX (liposomes loaded with Epirubicin and conjugated with a targeting anti-LOX antibody on the particle surface, n = 3) for three weeks. The dose of each drug was 3 mg/kg body weight once a week. Elastography was carried out using a 38-mm linear array transducer (Sonix RP, Ultrasonix, Richmond, BC, Canada) with a center frequency of 6.6 MHz, 5-14 MHz bandwidth. A force sensor (Tekscan FlexiForce) was placed between the top surface of the gel pad and the compressor plate to record the applied force during compression. Creep experiments were performed on the animals by applying manual compression, with the duration of each experiment being one minute [24] . Details of the in vivo experiment can be found in [24] .
The axial and radial (lateral) strain data were calculated at a specific time point by using the method reported in [40] .
The borders of the cancers were delineated from the in vivo axial strain elastograms.
V. COMPUTATIONAL CONSIDERATIONS FOR ESTIMATION OF DIFFERENT PARAMETERS A. AXIAL AND RADIAL DISPLACEMENTS AND STRAINS
To compute the axial and radial strain elastograms from ultrasound pre-and post-compressed RF data from simulations and experiments, the method proposed in [41] was used.
B. YOUNG'S MODULUS AND POISSON'S RATIO
For estimating the SSc and FPc values (eqs. (3)- (15)), estimation of the Young's modulus and Poisson's ratio of the tumor and background is required, which was performed using the method described in [24] .
C. RADIAL SSC, CIRCUMFERENTIAL SSC AND FPC
We used eqs. (13), (14) and (15) to estimate the radial SSc, circumferential SSc and FPc from in vivo experimental data. We applied a combination of Kalman and non-linear complex diffusion filters on the axial and radial strains to remove the noise before computing the SSc [42] . The reconstructed radial and circumferential SSc and FPc reported in this paper are at time point of 10 s. The reconstructed radial and circumferential SSc and FPc were normalized by dividing them by the applied pressure. Thus, they correspond to 1 kPa applied pressure, which ensured a fair comparison among these parameters in treated and untreated tumors at the different time points.
D. SPATIAL PARAMETER α AND RATIO BETWEEN VP AND IP
To determine the value of α in vivo, we fit the radial SSc estimated from experimental strain data (from the center to a radial direction) with the theoretical equation of the radial SSc (eq. (20)). We fit eq. (20) onto the radial SSc curve by varying peak value, boundary value and α. We used 'Levenberg Marquardt' algorithm (Matlab Inc, Natick, MA, USA) as the curve fitting algorithm. An averaging filter of length 5 pixels was applied on the radial SSc data before estimating the α. The ratio between the VP and IP can be determined from α using the expression α = a L p k S V .
E. SURFACE AREA TO VOLUME RATIO OF THE CAPILLARY WALLS INSIDE THE TUMOR
For computing the surface area to volume ratio of the capillary walls inside the tumor in vivo, which is necessary for computation of ratio of VP and IP, we used the following 
equation [43]
where V t is the volume of the tumor, which is computed as V t = 4 3 π a 3 , f = 54.68, g = −0.2021 [43] . Here, a is in units of mm and S V is in units of cm −1 . Fig. 12 are presented as mean ± SD (standard deviation). Statistical significance was determined using the Kruskal-Wallis test.
F. STATISTICAL ANALYSIS

Data in
VI. RESULTS
A. SIMULATIONS
In Fig. 3 (A1-A3) , the axial SSc from FEM inside sample A is shown at different time points. In Fig. 3 (B1-B3) and (C1-C3), we show the axial SSc calculated by the proposed analytical model (eq. 3) using the axial and radial strains from FEM and ultrasound simulation strains, respectively. From these figures, we see that, initially at t = 4.8 s, the axial SSc is around 3000 Pa inside the inclusion and around 2500 Pa outside the inclusion. Over time, the axial SSc inside the inclusion increases and becomes close to 4500 Pa at steady state (t = 115.2 s). The axial SSc outside the inclusion also increases and becomes almost a uniform value equal to the applied pressure of 3000 Pa. The axial SSc from FEM and computed by the proposed method match with one another.
The radial SSc from FEM and computed using the proposed analytical model (eq. 4) from FEM and ultrasound simulated strains are shown in Fig. 4 (A1-A3) , (B1-B3) and (C1-C3) for sample A. Unlike the axial SSc, we see that the radial SSc decreases with time. Initially at t = 4.8 s the radial SSc inside the inclusion is around −1500 Pa. With time, radial SSc decreases and at steady state (t = 115.2 s), it becomes around −400 Pa. Radial SSc becomes zero in the background region at steady state. Similar to axial SSc, radial SSc from FEM matches with the radial SSc computed using the proposed method both from FEM and ultrasound strains. However, the radial SSc is less accurate specially in the background region than the axial SSc estimated from ultrasound simulation data. This is because the computation of radial SSc depends on the estimated radial strain, which is, in general, of lower accuracy than the estimated axial strain [41] .
FPc from FEM and calculated by the proposed method (eq. 11) using FEM and ultrasound simulated strains are shown in Fig. 5 (A1-A3) , (B1-B3) and (C1-C3) for sample A. We see that, initially, FPc is high both inside and outside the inclusion. FPc inside the background decreases faster than VOLUME 7, 2019 inside the inclusion because of the higher IP of the background in comparison to that of the inclusion. At steady state, the FPc becomes zero both inside and outside the inclusion in the sample.
Axial and radial SSc and FPc from FEM, computed using proposed analytical model from FEM and ultrasound simulation data for sample B are shown in Figs. 6, 7 and 8. Similar to sample A, SSc and FPc from FEM match with that computed using the proposed method.
The match between the results from FEM and computed using the proposed analytical model from FEM and ultrasound simulation data becomes clearer in the onedimensional profiles across the center of axial and radial SSc and FPc images of samples A and B at the first time point shown in Fig. 9 . From this figure, we see that the axial and radial SSc and FPc estimated from FEM and ultrasound simulations match fairly well with those obtained directly from FEM for both samples.
The estimated α in samples A and B from the radial SSc computed by the proposed method from FEM and ultrasound simulation (US) strain data along with the true value are shown in Table 2 . From this table, we see that the estimated value of α from the radial SSc computed from FEM strain is close to the true value. The error in estimated α from the radial SSc computed using ultrasound simulated data increases. However, the error is always below 11% in both samples A and B.
B. IN VIVO EXPERIMENTS
B-mode images and reconstructed radial and circumferential SSc distributions along with FPc obtained from data acquired from two untreated mice at three different time points (week 1, week 2 and week 3) are shown in Fig. 10 (A1-A8, B1-B8 and C1-C8). We see from this figure that, in general, the spatial dependence of the radial and circumferential SSc along with FPc reduces from week 1 (A2-A4, A6-A8) to week 3 (C2-C4, C6-C8) in the untreated mice. Similar dependence of SSc and FPc can also be seen in these images. However, the radial and circumferential SSc are nonzero at the boundary of the tumor, which differs from the FPc distribution, which is zero at the radial boundary.
B-mode images and reconstructed radial and circumferential SSc distributions along with FPc obtained from data acquired from two treated mice at three different time points (week 1, week 2 and week 3) are shown in Fig. 11 (A1-A8, B1-B8 and C1-C8). We see from this figure that, in treated mice, the radial and circumferential SSc as well as FPc are spatially dependent and, in most images, the radial SSc, circumferential SSc and FPc are high at a point inside the tumor and then reduce in value to the radial boundary.
The mean value of α and the ratio between VP and IP inside treated and untreated tumors are shown in Fig. 12 (A1) and (A2). From Fig. 12 (A1) , we see that the value of α increases consistently with time inside the untreated tumors, whereas it decreases with time in treated tumors. Based on prior literature on α, this parameter increases with cancer progression and decreases with treatment administration [15] . This observation appears to correlate well with our results.
The mean ratio between VP and IP in untreated and treated tumors at weeks 1, 2 and 3 is shown in Fig. 12 (A2) . Similar to α, the mean ratio between VP and IP is much higher in the case of the untreated tumors than the treated tumors in the second and third weeks. As the administered drug has been reported to have very small/no effect on the IP of the tumor [15] , this increment of the ratio of VP and IP can be an indicator of the increment of VP inside the tumor for the untreated cases. Similarly, the decrement of ratio of VP and IP can indicate the decrement of VP because of the administered drug. These observations are also consistent with prior literature [15] .
VII. DISCUSSION
Solid stress is a clinically relevant mechanopathological parameter that greatly impacts the tumor's microenvironment and has important implications in many aspects of malignant progression and on the efficacy of cancer treatments. As of today, there are no non-invasive methods to measure SSg in tissues. In this paper, we have proposed a novel analytical model to image the SSc distribution in cancers in a poroelastography experiment. We also theoretically proved that SSc is identical to SSg inside tumors differing only in the peak and boundary values. Through the theoretical link between SSc and SSg, we also estimated the spatial distribution parameter α of the SSg, which also dictates the spatial distribution of IFP [15] . From α, the ratio between VP and IP inside the tumor could also be estimated. It should be noted that each one of these parameters is of great clinical relevance.
There are currently no non-invasive methods to measure SSg in cancers. Similarly, while some methods to estimate α inside tumors have been proposed in the past, these methods are invasive and require measurement of IFP values at several locations inside the cancers [44] . In our proposed method, VOLUME 7, 2019 Reconstructed radial and circumferential SSc distributions (in kPa) at the same time points are shown in (A2), (B2) and (C2), and (A3), (B3) and (C3), respectively. The estimated FPc (in kPa) at week 1, 2 and 3 are shown in (A4), (B4) and (C4), respectively. B-mode images of untreated mouse #2 at three time points (week 1, week 2, week 3) are shown in (A5), (B5) and (C5). Reconstructed radial and circumferential SSc distributions (in kPa) at the same time points are shown in (A6), (B6) and (C6), and (A7), (B7) and (C7), respectively. The estimated FPc (in kPa) at week 1, 2 and 3 are shown in (A8), (B8) and (C8), respectively. α is estimated from SSc and, therefore, the resulting estimate is expected to be more robust and more accurate than in the methods proposed in the past. From knowledge of α, we further estimated the ratio between VP and IP inside the tumor, which also has never been estimated non-invasively. This ratio can be used as a marker of the efficacy of certain treatments for cancer [16] and to obtain useful information in drug delivery therapies [17] . Our proposed methods were validated using simulations and tested with experimental data in vivo. There are a number of differences between the tumor characteristics in the simulated data and data from experiments. These include: 1) tumor irregularity -in our analytical and simulation model, we assumed the tumor to be spherical. However, in the experiments, tumors can have different shape; 2) tumor inhomogeneity -we assumed that mechanical properties such as Young's modulus, Poisson's ratio, vascular and interstitial permeability are constant inside the tumor. However, from the estimated values of Young's modulus and Poisson's ratio of tumors in vivo [24] , we see that this is not true in many experiments. Moreover, uncontrollable motion may affect the estimated strains in the experiments. Because of these reasons, the experimental results generally deviate from the simulation results. However, the major observations and findings such as FPc and SSc have same spatial distribution, it is possible to estimate the spatial distribution parameter of IFP α from the distribution of SSc etc., resulting from the theoretical model hold both in case of the simulations and experiments as found in our results.
We have noted that the proposed method does not provide actual values of SSg inside the tumors. Rather, the estimated distributions of radial and circumferential SSc are weighted versions of the actual radial and circumferential SSg present inside the tumor. However, the spatial distribution of SSg in itself, along with the parameter α and VP/IP ratio can provide significant clinical information for many cancer-related applications such as drug delivery and for improved diagnosis and prognosis of cancers [5] , [15] .
The main limitations of the proposed analytical model are the assumptions undertaken to develop the theories. First, the proposed analytical model is developed under the assumption of remote load (assumption of Eshelby's theory), which requires that the inclusion size is much smaller with respect VOLUME 7, 2019 to the size of the sample. Second, the theory for FPc (eq. 16) is not applicable if the following two conditions occur at the same time: 1) IP of the normal tissue is lower or comparable to the IP of the tumor and 2) IP has dominant/comparable effect on the strains and fluid pressure in comparison to VP inside the tumor [31] . However, based on reported values of VP and IP in tumors and normal tissues [3] , [6] - [8] , [17] , [45] - [47] , this scenario is unlikely to occur in most cancers.
Elastography is a non-invasive technique widely used for cancer imaging. However, up to now, its application has been limited to measuring a few mechanical parameters in the tumor such as the Young's modulus. Based on the approach proposed in this paper, this technique may be extended to measuring the distribution of other important mechanopathological parameters, including SSg. Although in some cases, SSg can be high in tumors with high YM and vice versa, these two parameters are mechanically independent and carry different information about the biomechanics of the cancers and its microenvironment [20] . Finally, we note that the techniques developed in this study may be useful not only to ultrasound elastography but also to other elasticity imaging modalities, such as optical coherence elastography or magnetic resonance elastography.
VIII. CONCLUSION
In this paper, we have developed analytical theories to estimate the spatial distribution of the solid stress, the parameter α and the ratio between VP and IP in cancers. Our theories were then validated using simulations and experimentally tested in an in vivo small animal model study. Based on the importance of these mechanopathological parameters in cancer diagnosis, prognosis and treatment, the proposed techniques may have a significant impact in the field of cancer imaging.
